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Abstract. We present an Ito's formula for the one-dimensional discrete-time quantum walk and give some examples 
including a Tanaka's formula by using the formula. Moreover we discuss integrals for the quantum walk. 
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The Ito formula for Brownian motion is famous for the stochastic calculus. Ito's stochastic calculus is a 
very useful tool for mathematical finance, stochastic control and filtering problems, see Kunita [13], for 
example. Ito's formula for the random walk has also been investigated (see Fujita [HE])- Quantum walks 
were introduced as the quantum counterparts and they have been intensively studied for the last decade 
( [HI OH El H] ) • However it is not known that Ito's formula for the discrete-time quantum walk. Therefore 
we consider an Ito's formula for the walk in this note. The rest of the manuscript is organized as follows. 
Section 2 is devoted to the definition of the quantum walk we consider. In Section 3, we present an Ito's 
formula for the one-dimensional discrete-time quantum walk and give some examples including a Tanaka's 
formula by using the formula. In the final section, we discuss integrals for the quantum walk. 

2 Definition of the walk 

In this section, we briefly give the definition of the two-state quantum walk on Z considered here, where Z 
is the set of integers. The discrete-time quantum walk is a quantum version of the classical random walk 
with an additional degree of freedom called chirality. The chirality takes values left and right, and it means 
the direction of the motion of the walker. At each time step, if the walker has the left chirality, it moves one 
step to the left, and if it has the right chirality, it moves one step to the right. In this note, we put 



\L) = 



\R) = 



where L and R refer to the left and right chirality state, respectively. 

For the general setting, the time evolution of the walk is determined by a 2 x 2 unitary matrix, U , where 



U 



with a,b,c,d € C and C is the set of complex numbers. The matrix U rotates the chirality before the 
displacement, which defines the dynamics of the walk. To describe the evolution of our model, we divide U 
into two matrices: 



P-x = 



a b 




Pi = 





c d 
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with U = P-i + P\. The important point is that P_i (resp. Pi) represents that the walker moves to the left 
(resp. right) at position x at each time step. 

The Hadamard walk is determined by the Hadamard gate U = H: 



H = J r 



1 1 

1 -1 



1 as the initial qubit state, 



The walk is intensively investigated in the study of the quantum walk. 

In the present note, we take <p = T [a, 0\ with a, f3 £ C and \a\ 2 - 
where T is the transpose operator. 

Let 5 n (i,m) denote the sum of all paths starting from the origin in the trajectory consisting of I steps 
left and m steps right at time n with n = I + m. For example, 

5 2 (l,l) = PiP_ 1 + P_ 1 Pi, 

54(2, 2) = PlP\ + P\Pl + P X P_ 1 P 1 P_ 1 + P_ 1 P 1 P_ X P 1 + P-iPlP-i + PiP\Px. 

The probability that our quantum walker is in position x (€ Z) at time n (€ {0, 1, . . .}) starting from the 
origin with ip — T {a,f3] with a, j3 € C and |a| 2 + |/3| 2 = 1 is defined by 

P(X n = x) = ||S n (Z,m) ip\\ 2 , 

where n = I + m and x = — I + m. We define the probability amplitude of the quantum walk in position x 
at time n by 



*n(a:) 
Then we see that 

P(X n =X)= \\*n(x)\\ 2 = \*fa)\ 2 + l*£(*)| a . 

From now on we consider the Fourier transform of ^ n (x). By definition, 

*„+i(x) = P + 1) + Q * n (x - 1). 
Moreover, the Fourier transform of ^ J n (x) (j = L, R), that is, is defined by 



(i) 



Thus we have 



Here we put 



then 



2^' 



From Eq. (TTJ), for £ G [— 7r,7r)Cwe obtain 
Lemma 2.1 For any n = 0, 1, 2, . . 



* n+1 (£) = t/(0 *„(0- 



/fere £/(£) is given by 



U(£) = e~* P_i + e l « Pi 



-<£ o 
n P ^ 



£7. 



(2) 



2 
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We should remark that 

*o(0 = [ " 

where a, f} £ C, |a| 2 + |/3| 2 = 1. By LemmaQ] we have 

It is important for the study of the quantum walk to compute ?7(£) n , since 

P(X n = x) = \\^ n {x)\\ 2 = £ ^-e*' (u(O n * (O)* f ge-^C/(0" $o(0, 
where * means the adjoint operator. 

3 Ito's formula for quantum walk 

Let B n = {— n, — (n— 1), . . . , n— 1, n} and 0„ = -B" +1 = {— n, — (n— 1), . . . , n— 1, n}" +1 . From now on, we will 
consider quantum walks on the path space n . To do so, we let w n = (w n (0) — 0, w n (l),w n (2), . . . , w n (n)) € 
Sl„. Next we introduce 

v„ = (v n (l),v n (2), . . .,v n (ri)) = (w n (l),w n (2) - tu„(l), . . .,M> n (") - w n (n - 1)), 

and 

% = (m„(1),w„(2), . . . ,u n (n)) = (I {1} (v n (l)), I {1} (v n (2)), . . . , I {1} (v n (n))), 

where Ia{x) denotes the indicator function for a set A. Noting that w n {m + 1) — w n (m) €E {1,-1}, a direct 
computation gives 

Proposition 3.1 Let f be a function on Z with values in C. For any m G {0, 1, . . . ,n — 1}, 
(1) 

f(w n (m + 1)) - f(w n (m)) 

= 2 {f( w n(m) + 1) ~ /K(m) - 1)} (w„(m + 1) - w n (m)) 
+ i {/K(m) + 1) - 2/K(m)) + /K(m) - 1)} . 



(2) 



/K(n)) - /K(o)) 

^ n— 1 

= r^] {f(w n {m) + 1) - f(w n (m) - 1)} (to n (m + 1) - w n (m)) 



m— 
n-1 



i " ■"■ 

+ 9 2 + !) - 2/KM) + /KM - i)} ■ 



2 

m=0 

In fact, this result holds for the corresponding random walk. Let {Y n ;n = 0,1,2,...} denote a simple 
symmetric random walk, that is, Ya = 0, Y n — £i + £2 + ■ ■ ■ + £m where ■ ■ • are independent and 

identically distributed with P(£i = 1) = = —1) = 1/2. Let R be the set of real numbers. Then for any 
R- valued function / on Z and any mg{0,l,...,n — 1}, it holds that 

f(Y m +i) - f(Y m ) = \ {f(Y m + 1) - f(Y m - 1)} (Y m+1 - Y m ) 
+ \ U(Y m + 1) - 2/(y ro ) + /(Y m - 1)} . 
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This equation is called a discrete Ito's formula (see Fujita [2], Fujita and Kawanishi 4 , for example). 
Therefore part (1) in Proposition 13 . 1 1 can be considered as an Ito's formula of the quantum walk. Moreover 



f(Y n ) - f(Y ) = - £ {f( y m + 1) - f(Ym - 1)} (Y m+ x - Y rn ) 

m=0 
I n— 1 

+ 2 E UP™ + 1) - 2/(Y m ) + /(F m - 1)} . 

This is a Doob- Meyer's decomposition of the random walk, see [31 H], for example. The first term of RHS is 
a martingale. We put k = u n {n) 2™ _1 + u n (n - 1) 2™~ 2 H h u„(2) 2 1 + u n (l) 2°. To use this, we let 

P (k) = P Ik) , \ • • • P (k) ,r,\P (k) 

From Proposition 13. 11 we immediately obtain 

Theorem 3.2 Let f be a function on Z with values in C. For any m G {0, 1, . . . , n — 1}, 
(1) 



£ {/(^)(m + l))-/(^)(m))}P w ( fe ) 
=o 

\ E + 1) - i)} (^ fc V + 1) - ^i fe) M 

k=0 

\ E {/rf ) H + i)-2/(»«H) + /rf)H-i)}?( t) . 



i —i 

E {/(^ fc) (n))-/rf(0))}P i) ( fc) 

2™-l n-1 

= 2 E E {/(^V) + 1) - /(«4*>(m) - 1)} (wi k Hm + 1) - ^i fc) (r 

fe=0 m=0 
2"-l ri-1 

f 2 E E {/(^M + 1) - 2/( W «(m)) + (m) - 



fc=0 m=0 

For example, we can check part (2) for n = 2: 

LPS = (/(-2) - /(0))Pli + (/(2) - /(0))P 2 
= /(-2)P 2 1 - /(0) (P^ + Pf) + /(2)P 1 2 . 
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On the other hand, 

RHS = I {.f {I) - /(-l)) {- (Pi x + PP_i) + (P_iP x + Pf) } 

+ i(/(0)-/(-2))(-P^ 1 + P 1 P_ 1 ) 

+ ^(/(2)-/(0))(-P-iP+P 1 2 ) 

+ i(/(l)-2/(0) + /(-l))(P_ 1 +P 1 ) 2 

+ i (/(0) - 2/(-l) + /(-2)) (P 2 X + PiP-i) 

+ 1 (/(2) - 2/(1) + /(0)) (P_!P! + Pi) 
= /(-2)P^ - /(0) (P 2 ! + P 2 ) + /(2)P 2 . 

When we consider P_i — > p e [0,1] and Pi — > g € [0,1] with p + g = 1, Theorem 13.21 becomes the 
corresponding result for a simple random walk. 

We should remark that if we take f(x) — x in part (2) with (0) = for any fc, we have the following 
trivial relation. 

2"-l 



LHS= J2 w nH n ) P w V> 



k=0 

On the other hand, 

2"-l n-1 

2 



1 2-1 n-1 2' -1 

^ = o E E 2 K fc) ( m + !) - w « fc) m) + = E w n fe) 



^(*0 • 

fc=0 m=0 fc=0 



Next we consider a Tanaka's formula for the quantum walk. Put sgn(x) = (x = 0), = 1 (x > 0), = 
— 1 (x < 0). If we take f{x) = \x\ in part (2) with u4*^(0) — for any k, then we obtain a Tanaka's formula 
as follows. 

Corollary 3.3 

2"-l 



E K fe) (™) 



n-1 

£ Y, sgn( W W(m)) ( W W(m + 1) - «4*>(m)) P^ + ^ E 'mK^V))^ 



fe=0 

2"-l n-1 2™-l n-1 



fc=0 m=0 k=Q m=0 

Here we used {f{x + 1) - /(a; - l))/2 = sgn(x) and (f(x + 1) - 2/(x) + /(x - l))/2 = 7{q}(x). The 
second term of RHS corresponds the "local time" at the origin of the quantum walk. The author [12] 
computed some sojourn times of the Hadamard walk in one dimension. The formula would be useful for 
computing local time at the origin. Another expression of Tanaka's formula for the quantum walk can be 
considered for f(x) — \x] — max(i — 1, — x) as in the case of random walk (see Fujita [3]). Our case is 
f(x) = \x\ = max(a:,-a;). 

We take f(x) = e^ x in part (2) with w„ fc) (0) = for any k. Note that 

^ e^'Wp^, = cr(O n , and ]T e^^P^) = (P_ a + Pi)™ = U», 

k=0 k=0 

since Eq. © gives [/(£)" = (e'^P-i + e i5 Pi)™ . Then we have 
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Corollary 3.4 

2"-l 



U(0 n = !7" + zsin£ E E e*«PW (»W(m + 1) - ™„ fc) M) 

2 n -l n-l 

+ (cose-i)E E e ^ i&,(m)i >- 



fe=0 m=0 

As we mentioned in the last part of the previous section, U(£) n is an important quantity for analysis of the 
quantum walk. 

4 Discussion 

Very recently, Gudder and Sorkin considered an integral for the quantum process, see [Sj|Bl[7], for example. 
Motivated by their study, this section treats integrals of quantum walks. For w n £ fl n , we let f{w n ) = 
f(w n (0), w n (l), . . . , w n {n)). In the previous section, we considered the following type of the integral on the 
path space 0„: 



fc=0 



For the classical random walk case, cr„(-) becomes an expectation on the path space ft n . Here we present a 
2™ x 2™ decoherence matrix: for k, k' € {0, 1, . . . , 2™ — 1}, 



By using the matrix, if we consider the following type of the integral: 

2"-l 2"-l 



[fd(i n = E E min [/(^/rf >)] D n (wi k \wP) 

J k=0 k'=0 

2 n — 1 2"-l 

= E E niin[/( W ( fe )),/( W f ))] (p^.P^) 



k=0 k'=0 



we find out a relation between J /d/x„ and cr n (/) in the following way. If we let f(w n ) = Ia{wu) for a set 
A (c f2„), then noting 

rrnn{lA(w„),lA(«4)} = /aK)^aK), 

we have 

/2"-l 2™-l 
z A d Mn = e E^^^rf 3 )^^^'^ 

fe=0 fe'=0 
2™-l 2"-l 

= E E (lA(wW)P w M<pJ A (wW)P wkkl) <p 
k=0 fc'=0 

= (cr n (/A)y,a'n(-fA)</') ■ 

Moreover when we put f(w n ) = I Bo xB 1 x---xB n - 1 x{x}(wn) = I{ x }{w n {n)) (x € B„), where P„ = {-n, -(n- 
1), . . . , n — 1, n}, then we see that the probability distribution of the quantum walk can be written by using 

Cn(/) with / = lB„xB 1 x---xB n - 1 x{x}'- 

On {.-^Bq x B\ x ■■■ xB n -i x{x })<f) = \Wn{ I B a xB 1 x---xB n - 1 x{x})v\\ , 
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Our final remark is that to clarify a connection between the noncommutative Ito's formula based on 
quantum stochastic calculus due to Hudson and Parthasarathy (see [TJ [8] ) and our formula would be one of 
the interesting future problems. 
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